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Abstract 

A classical theorem of De Bruijn and Erdos asserts that any noncollinear set of n points 
in the plane determines at least n distinct lines. We prove that an analogue of this theorem 
holds for graphs. Restricting our attention to comparability graphs, we obtain a version of the 
De Bruijn-Erdos theorem for partially ordered sets (posets). Moreover, in this case, we have an 
improved bound on the number of lines depending on the height of the poset. The extremal 
configurations are also determined. 


1 Introduction 

The starting point of this paper is a classical result of De Bruijn and Erdos in combinatorial 
geometry. A set of n points in the plane, not all on a line, is called a near-pencil if exactly n — 1 
of the points are collinear. 

Theorem 1 Every noncollinear set of n points in the plane determines at least n lines. Moreover, 
equality occurs if and only if the configuration is a near-pencil. 

Erdos m showed that this result is a consequence of the Sylvester-Gallai theorem which asserts 
that every noncollinear set of n points in the plane determines a line containing precisely two 
points. Later, De Bruijn and Erdos [TJ] proved a more general combinatorial result which implies 
Theorem [I] Coxeter m showed that the Sylvester-Gallai theorem holds in a more basic setting 
known as ordered geometry. Here, the notions of distance and angle are not used and, instead, a 
ternary relation of betweenness is employed. We write [abc] for the statement that b lies between 
a and c. Using this notation, a line can be defined in a simple way. For any two distinct points a 
and b, the line ab is defined as 

ab = {a, b} U {x : [ xab ] or [axb] or [aftx]} (1) 
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Therefore, any set of points with a betweenness relation defined on them determines a family 
of lines. For example, in an arbitrary metric space (V,d), Menger (8] defined betweenness on V in 
the following natural way: 

[axb] d(a, x) + d(x, b) = d(a, b). 

Using (CD, the line ab can be defined for any two distinct points a and b in V. Observe that this 
definition of a line generalizes the classical notion of a line in Euclidean space to any metric space. 
These lines may have strange properties: two lines might have more than one common point, and 
it is even possible for a line to be a proper subset of another line. A line is called universal if it 
contains all points in V. Chen and Chvatal [6] proposed the following conjecture, which, if true, 
would give a vast generalization of Theorem |T] 

Conjecture 1 (Chen-Chvatal |6]) Any finite metric space on n points either induces at least 
n distinct lines or contains a universal line. 

Although the conjecture has been proved in several special cases la Gamma nuns], it is still 
wide open. The best known lower bound on the number of lines in a general finite metric space 
with no universal line is (l/\/2 + o(l))y/n [2]. 

Recently, Chen and Chvatal [6] generalized the notion of lines in metric spaces to lines in 
hypergraphs. A hypergraph is an ordered pair (V. 8) such that V is a set of elements called the 
vertices and 8 is a family of subsets of V called the edges. A hypergraph is k-uniform if each of 
its edges consist of k vertices. They observed that given a metric space (V,d), one can associate 
a hypergraph H(d) = (V,S) with 8 := {{a, 6, c} : [abc] in (V,d)}. If the line ab in the 3-uniform 
hypergraph is defined as 

ab = {a, 6} U {x : {a, b, x} € 8}, 

then the metric space (V,d) and the hypergraph {V. 8) determine the same set of lines. 

They proved that there is an infinite family of 3-uniform hypergraphs inducing only c^ log2 n 
distinct lines (where n is the number of vertices and c is a constant). This means that there 
are infinitely many 3-uniform hypergraphs for which the analogue of Theorem [T] does not hold. 
However, analogues of Theorem [1] have been shown to hold for some special families of 3-uniform 
hypergraphs in [3j. The best known lower bound on the number of lines in a 3-uniform hypergraph 
with no universal line is (2 — o(l)) log 2 n [1|. 

Following the lead of these previous works, we obtain an analogue of De Bruijn-Erdos theorem 
for posets. Let P = ( X , -<) be a finite poset with the order relation -<; defined on the set X. The 
size of a maximum chain in P is called the height of P and is denoted h(P). 

As in the metric space case, a poset P induces a natural betweenness relation: 

[abc] ^a<b<coic~<b~<a. 

Therefore, we can again define lines in posets using ([!]). Observe that, if a is incomparable to b, 
then the line ab = {a, b} and, if a is comparable to b, then 

ab = {a, b} U {x : x is comparable to both a and b}. 

As before, a line is universal if it contains every point from the ground set. Our main result is to 
show that an analogue of Conjecture [T| holds for posets. In fact, we obtain a stronger bound as a 
function of the height of the poset. 
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Theorem 2 If P is a poset on n vertices with no universal line, and h(P) > 2, then P induces at 
least 

h{P) + \_ n /h{P)\{n mod h{P)) + h{P) (2) 

distinct lines. 

Observe that ([2]) is always greater than or equal to n (with equality if h(P) > \n/ 2j). Moreover, 
if h(P) = 0(n s ) for 0 < s < 1, the number of distinct lines in P is 

Our second result is a generalization from posets to graphs. For any graph G = ( V , E) and 
vertices a,b £ V, we can define the line ab as 

ab = {a, 6} U {c : abc is a triangle}. 

Again, the line ab is universal if it contains every vertex in V. We prove 

Theorem 3 If a graph G on n > 4 vertices does not contain a universal line, then it induces at 
least n distinct lines, and equality occurs only if G consists of a clique of size n — 1 and a vertex 
that has at most one neighbor in the clique. 

Remark 1 It may be easily seen that the theorem also holds when n = 3, but we have an additional 
extremal example in this case: a graph where all pairs of vertices are non-adjacent. 

Observe that to any poset P = ( V , -<), we can associate a graph G = ( V , E ) where ab G E if and 
only if a -< b or b -< a. Such a graph is called a comparability graph. Hence, for any three vertices 
a, b, c of P, we have a -< b -< c if and only if abc is a triangle in the corresponding comparability 
graph. Therefore, the graph case is a generalization of the poset case. 

Using Theorem [3} it can be easily seen that, in the case of posets, equality occurs only if the 
poset consists of a chain of size n — 1 and a vertex which is comparable to at most one vertex of 
this chain. 

The paper is organized as follows. In Sectional we prove Theorem [2] by providing an algorithm 
for finding lines. In Section [3} we prove Theorem [3] by induction. 

2 Lines in Posets 

We begin by introducing some notation that will be useful in the proof of Theorem [2l For any pair 
of elements a, b in a poset P = (A, -<), we write a oo b to indicate that the points a and b are not 
comparable (that is, neither a -< b nor b -< a hold). Let Y C X. We denote by P\Y the poset on 
the set of points X \ Y together with -< restricted to X \ Y. 

In this section, we prove a lower bound on the number of lines in a poset as a function of its 
height. Before we proceed with the proof, we need a simple lemma. 

Lemma 1 If A\,...,A r are r sets such that ^T =1 \Ai\ = n, then Ya=i (^) — r(^ n / r ^) + 
[n/rj (n mod r). 
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PROOF — Observe first that if ||Aj| — \Aj\\ < 1 for all i and j. then the bound holds. Thus, it 
suffices to prove that if \A{\ — \Aj\ > 1, then moving one point from A* to Aj does not increase 
Y^=i (^)- Let x € Ai \ Aj and A! i = A t \ {a:}, A'- = Aj U {x}. We have 


\Ai 

2 


+ 


14 

2 


> 


\Ai\ - 1 


+ 


\Aj\ +1 


14 

2 


+ 


14 


by the convexity of (™) in m, and the lemma follows. 


□ 


2.1 Proof of Theorem [2] 


Let A be a maximal partition of P into antichains, and let C C P be a maximal chain in P. By 
Mirsky’s Theorem, we know that |A| = \C\ = h(P). For notational convenience, from now on, 
let h(P) be denoted by H. Denote the elements of A and C, respectively, as A = {A\,... ,Ah} 
and C = {c\...ch} with c\ -< ■■■ -< ch■ Assume, without loss of generality, that q € Ai for 

Set 

H 

Cq := |^J{a6 : a, b € Ai,a A b}- 
i= 1 

Note that all of the lines in Cq are induced by incomparable points and are, thus, pairwise distinct. 
By Lemma [lj we have 


Co 



+ [n/H\ (n mod H). 


Next we use the chain C to find H further lines, distinct from those in Cq. We do so via the 
following iterative process: 

Set bi = 1, t\ = h and C\ = 0. For k = 1,2,... , apply the following steps until a STOP 
condition is met. 


Step 1 If bk = tfc, set C *. := C^-i U {c\Ch} and STOP. 

Otherwise bk < tk and there exists Sk ^ Cb k ct k ■ If Sfc is incomparable with both Q, fc and cj fc , go 
to Step 2a. If Sk is incomparable with Cb k and comparable with ct k , go to Step 2b. Finally, 
if Sk is incomparable with ct k and comparable with Cb k , go to Step 2c. 

Step 2a Set Ck '■= Ck -1 U {cisk ■ bk < i < tk} U {c\Ch} and STOP. 

Step 2b Set b k+ 1 = max bk <i<t k {i : d ^ Sk } + 1, 

1 k ■ i — tk-, Ck •— Ck —i u }dSk • bk A t A bk-\-i}• Go to Step 1. 

Observe that, in this case, we have that b k < b k +1 < t k , s k -< Cb k+1 and, for j = b k ,, b k +1 — 1, 
we have s k Cj. 

Step 2c Set t k+ \ = min bk< i<t k {i : d s k } - 1, 

b k +1 = b k , C k ■= C k -1 U {dSk ■■ t k+ i < i < t k }. Go to Step 1. 

Observe that, in this case, we have that b k < t k +i < t k , d k+1 A s k and, for j = tfc+i + 1,... ,tk, 
Sk °° Cj. 


4 








Assume that the process stops after K iterations. 

For any k < K, in the k th iteration, exactly one line added to £ k is induced by two com¬ 
parable points. We call this line l k . Thus, there are K — 1 such lines, namely l \,..., lx-i- 
Notice that l k is either c bk+1 s k or c tk+1 -s k . If l k = c bk+1 s k , since s k -< c bk+1 , we have 
5 2 5 • • • i ^K —15 * * * 5 ^'/ 1 } — c bk +1 Sfc; and since c bk s k , we have a bk ^ s/c- Sim¬ 

ilarly, if l k = c tk+1 s k we have {c 6l ,... ,c bK ,Ct K ,... ,c tk+1 } C Q fc+ 1 s fc and c tfc Q fc+ 1 s fc . Observe 
now that the line c\Ch, that is added at the K th iteration, contains all points in C. This implies 
that the lines l\,... ,Ix-i,c\Ch are pairwise distinct. Thus, the process finds K pairwise distinct 
lines which are induced by comparable points. Moreover, since all the lines in Cq are induced by 
incomparable points, none of these K lines belong to To- 

The rest of the lines found by the process are induced by incomparable points. Hence, it remains 
to prove that H — K of them are pairwise distinct and don’t belong to To- 

Let k < K. We claim that C k contains at least b k+ \ — b k + t k — t k+ \ — 1 (new) lines that are not 
in Tfc_i. Assume first that, in the k th iteration, lines are added at Step 2b (so t k — t k+ \ = 0). So 
b k+ 1 — b k lines induced by two incomparable points are added, namely c bk s k ,..., c bk+1 -is k . At most 
one of these lines belongs to To and none of them belongs to T^,_i \ To because lines induced by 
incomparable points that are added in previous iterations of the process, involve points of C either 
strictly below b k or strictly above t k > b k+ 1. Hence, at least b k+ 1 — b k — 1 new lines induced by 
incomparable points are added at Step 2b. A symmetric argument proves that, in the case where 
the lines are added at Step 2c (so b k+ i — b k = 0), we have added t k — t k+ \ — 1 new lines induced by 
incomparable points. 

So, after K — 1 iterations, the number of lines induced by incomparable points, in Ck-i \ To is 


K -1 

Y. ( b k +i ~b k +t k — 4+i — 1) = h - b\ - (Ik — bx) — {K — 1) = H - K — (tx — bx)- 

k= 1 

Hence, it remains to show that tx — bx new distinct lines induced by incomparable points are 
added at the I\ th iteration. In the case where bx = tx we are done, so we may assume that 
bx < tx and the process terminates at Step 2a. So, the lines c bK s k , c bK+ \s k ,..., ct K s k are added. 
At most one of these lines belong to To and none of them belong to Cx~i \ To since lines induced 
by incomparable points added at iterations 1,..., K — 1 involve points of C either strictly below 
bx or strictly above tx- It follows that tx — bx new lines are added. 

3 Lines in Graphs 

We first need two easy observations about lines in a graph G = (V,E). A vertex x in a graph is 
universal if it is adjacent to all vertices in V \ x. 

1. If ab qt E, then ab = {a, 6}, 

2. A line ab is universal if and only if both a and b are universal. 

We are now ready to prove our generalization to the graph case. 
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3.1 Proof of Theorem [3] 


We will use induction on n on the full statement of the theorem. First, we show that the theorem 
holds when n = 4 . If there is no triangle in our graph, then every pair of vertices induces a distinct 
line, giving us 6 lines. If there are two different triangles in our graph, then there exist 2 vertices 
p, q, that belong to both triangles, and the line pq is universal, a contradiction. Therefore, we have 
exactly one triangle, and it is easy to see that in this case we have exactly 4 lines in our graph and 
the extremal graphs are exactly as desired. 

Let G = (V, E) be a graph on n > 5 vertices having no universal lines, and assume the statement 
holds for smaller n. 

Let Vi C V be the set of those points x such that G'\{x} has a universal line, and set V 2 = T\Vi. 
Assume first that V 2 = 0. So Vj = V and, thus, for any x € V, V \ {x}, induces a universal line. 
Since G has no universal lines, H\{x} is a line of G for any x € V. Thus, G induces n distinct lines 
of size n — 1. Moreover, since it has no universal lines, G has at least two non-adjacent vertices, 
providing a line of size two. Thus, if V 2 = 0, we have that G induces at least n + 1 lines. 

So we may assume from now on that V 2 7 ^ 0. We will distinguish between two cases: 

Case 1 There exists a point x in V 2 that is not universal. 

Let y be a vertex non-adjacent to x. Since G\ {x} has no universal lines, by induction, G \ {x} 
induces at least n — 1 distinct lines. If i is a line of G \ {x}, then either l or l U {x} is a line of G. 
It follows that these lines are all distinct in G. Moreover, if they contain x, then they have at least 
3 vertices and so they are all distinct from xy = {x,y}. Hence, G has at least n distinct lines. 

Now, assume that G induces exactly n distinct lines. Then, G \ {x} must contain exactly 
n — 1 lines and so by induction, G \ {x} consists of a clique K on n — 2 vertices, xi, X2,..., x n _2, 
and a vertex z which has at most one neighbor in K. Notice that the set of lines of G \ {x} 
is AsMx} := {{xi,..., x n _2}, {z, xi}, ... ,{z, x n _2}}, giving us n — 1 distinct lines of G, namely, 
C := {£ or £ U {x} | t € £g\{x}}- 

We claim that x is adjacent to all vertices of V \ {x, y} because otherwise there exists a vertex 
y' in V \ {x, y} such that xy' = {x, y 1 } is a line of G. Since xy = {x, y} is also a line of G, and 
xy, xy' 0 C, G induces at least n + 1 distinct lines contradicting our assumption. 

Assume that y € K, and let z' be the unique neighbor of z in K. Consider a vertex w in 
K \ {y,z'} (such a vertex exists because n > 5). Since y 0 xw and z 0 xw, we have xw 0 C. 
Of course, xy 0 L is a line of G like before. Thus, G induces at least n + 1 distinct lines again. 
Therefore, y = z, and K U {x} is a clique of G as desired. 

Case 2 All points of V 2 are universal. 

Since G has no universal line, if follows that V 2 contains exactly one vertex, say x. So V\ = 
V \ {x} and, thus, for any u € V±, V \ {u}, is a line of G. This yields n — 1 lines of size n — 1. 
Moreover, it is easy to see that, since G has no universal lines, it must contain at least two pairs of 
non-adjacent vertices, providing us with two more distinct lines of size two. Hence, G has at least 
n + 1 distinct lines. 


6 


References 


[1] P. Aboulker, A. Bondy, X. Chen, E. Chiniforooshan, V. Chvatal, and P. Miao, Number of lines 
in hypergraphs, To appear in Discrete Applied Mathematics. 

[2] P. Aboulker, X. Chen, G. Huzhang, R. Kapadia and C.Supko, Lines in metric spaces. 
Manuscript. 

[3] P. Aboulker, R. Kapadia, The Chen-Chvatal conjecture for metric spaces induced by distance- 
hereditary graphs, To appear in European Journal of Combinatorics. 

[4] L. Beaudou, A. Bondy, X. Chen, E. Chiniforooshan, M. Chudnovsky, V. Chvatal, N. Fraiman, 
and Y. Zwols, Lines in hypergraphs, Combinatorica 33, no. 6 (2013): 633-654- 

[5] L. Beaudou, A. Bondy, X. Chen, E. Chiniforooshan, M. Chudnovsky, V. Chvatal, N. Fraiman, 
and Y. Zwols, A De Bruijn-Erdos theorem for chordal graphs, arXiv: 1201.6376 [math.CO] 

[6] X. Chen and V. Chvatal, Problems related to a de Bruijn - Erdos theorem, Discrete Applied 
Mathematics 156 (2008), 2101 - 2108. 

[7] X. Chen, G. Huzhang, P. Miao, and K. Yang, Graph metric with no proper inclusion between 
lines, arXiv: 1402.5627 [math.MG] 

[8] K. Menger, Untersuchungen liber allgemeine rnetrik, Mathematische Annalen 100 (1928), 
75163. 

[9] E. Chiniforooshan and V. Chvatal, A de Bruijn - Erdos theorem and metric spaces, Discrete 
Mathematics & Theoretical Computer Science 13 (2011), 67 - 74. 

[10] V. Chvatal, A de Bruijn-Erdos theorem for 1-2 metric spaces, to appear in Czechoslovak 
Mathematical Journal 31. arXiv: 1205.1170 [math.CO] 

[11] V. Chvatal, Sylvester-Gallai theorem and metric betweenness. Discrete & Computational Ge¬ 
ometry 31.2 (2004): 175 - 195. 

[12] H.S.M. Coxeter, Introduction to geometry, Wiley, New-York, 1961. 

[13] I. Kantor, B. Patkos, Towards a de Bruijn-Erdos theorem in the Ll-metric, Discrete & Com¬ 
putational Geometry 49 (2013), 659 - 670. 

[14] N. G. De Bruijn, P. Erdos, On a combinatorial problem, Indagationes Mathematicae 10 (1948), 
421 - 423. 

[15] P. Erdos, Three point collinearity, Amer. Math. Monthly 50 (1943), Problem 4065, p. 65. 
Solutions in Vol. 51 (1944), 169-171. 


7 



